Test 6 Concepts

Matrices and Matrix Algebra

A matrix is an array of horizontal rows and vertical columns. A matrix has dimension
1 -2 3 1
number of rows x number of columns. For example thematrix 4=|1 1 2 5| has
3 0 7 11

dimension 3 x4 .

The scalar multiple cA is given by multiplying each entry in 4 by the scalar c.

1 -2 3 1 2 -4 6 2
2A=2/1 1 2 5(={2 2 4 10
3 0 7 11 6 0 14 22

If two matrices have the same dimension one may be added to (or subtracted from) the other.

If
1 -2 3 1 1 -2 3 1
4=11 2 5| &= 1 1 2 5
3 0 7 11 -2 1 -3 0

then by adding to each entry in 4 the corresponding entry in B.

1 -2 3 1 1 -2 3 1 2 -4 o6 12
A+ EBE=j1 1 2 5|+|1 1 2 5|=(2 2 4 10
3 0 7 11 -2 1 -3 0 1 1 4 11

Similarly when we subtract from each entry in A4 the corresponding entry in B.

1 -2 3 1 1 -2 3 1 0 0 0
A-E=11 1 2 5|-|1 1 2 5|=|0 0 0O
3 0 7 11 -2 1 -3 0 5 -1 10 11

If the dimensions of 4 and B are not the same the sum (or difference) is undefined.



Products of Matrices

The product of a 1 row by n column (row) matrix with an n row by 1 column (column) matrix, is given as

B
‘bﬁ

[ﬂl iy ﬂz---ﬂn]x by =[a1bl+a2b2+"'+ﬂnbn]

which is a 1 by 1 matrix and can also be considered as a scalar.

If the matrix B has the same number of rows as the Matrix 4 has columns then the product is defined as follows:
The element in row i column j of the product matrix is the real number obtained from multiplying the i" row of 4

by the j™ column of B.

If the number of rows of B do not equal the number of columns of 4 the product is undefined.

Example
A
1 3 -2
L. Consider the matrix Asz = and the matrix B 5, = | ¥ |. Their product is
0 -1 4
=
given by the 2 by 1 matrix
1-x4+3- v+ (-2)z | [r+3y-22
(AXB)I!xl = = _}*‘+4 ]
0-x+(-Dy+4-z yraz
2 4
4 5 0
2. Consider the matrix 4., = | 0 - 3 |and the matrix 5, , = 31 2| Their product is given
-1 2

by the 3 by3 matrix
24 2-12 10+4 0+8
[AB)DB450 0+% 0-3 0-6
e = - = + - -
-3 1 2
-1 2 -d -6 —-5+2 0+4
-4 14 8
=ls -3 -6
-10 -3 4



Matrix Equations

Any system of n linear equations in n variables can be written as a matrix equation AX = £, where 4

is the 7 x » matrix of coefficients, X is the 7z % 1 column matrix of variables, and B is the #z % 1 column matrix of

constants. To solve matrix equation 4% = B, multiply 4™ on both sides to obtain ¥ = A™ B .

Note that if 4™ does not exit, you can not solve the equation.

Example:
X-2yt+tz=46
1. Write the system X+ y-2z=-6 as a matrix equation and solve using inverses.
2x+y-z=-2
1 -2 1 x 6
i)Note that A=|1 1 -2 A =|rl.E=|-%
2 1 -1 z -2
17 -17 5
ii) Use your graphic calculator to find A~ . You should get A= 5 -5 5
-17 -83 5
1
iii) Find the product matrix ¥ = 4™ B . You should get | - 1
3
X 1
So X¥=|y¥|=|-1 andtherefore|x: 1|, |y: !1|,|z:3|
z 3

Solution Set: {(1, 11, 3)}



2. Write the following system of linear equations as a matrix equation and solve using inverses, if possible .

X-2y+z=6
i) x+y-2z=-6 . {1,111, 3)}
2x+y-z=-2
X+ y+3z=1
i) x+2y-z=-2 . None
2x-y+d4z=4
Minor and Cofactor
1 -2 10
Example: Consider the determinant of the following matrix -1 0 3
2 -4 -2

-1 3

The minor of 12, &, , is:
2 -2

‘=2!6=!4

The cofactor of 3, @,y is: (- 13**

1 -2
2 _4‘=_{_4_(_4))=D



Cramer’s Rule

a b
a' B

ax+ by =¢

Consider a system of linear equations { with L) = # 0, then

a'x+ b'y=2c

Note that the denominator D is the determinant of the matrix of coefficients and the numerator for x is obtained from D

by replacing the coefficients of x with the constants. Similarly the numerator for y is obtained from D by replacing the

coefficients of y with the constants.

2x -~y =35
Example 1: ~ Use Cramer’s Rule to find x in the system Y .
-x +y=4
: o 5-1(-4 9 L L 8- (-5
x= [4 1[ :Lz 9 y:[ 1 4[:L=13
’2 _1| 2-(1) 1 ’2 —1|
-1 -1
3x+2y-z=12
Example 2: Using Cramer’s Rule to solve < x + y-z=10
2x+3y-z=1
22 -l 32 -1 322
01 -l 3 10 -1 0 110 3
13 -1 21 -1 2 31
* z -1 5_1’-1’_32—1_5:[}’2_32—1_5_1
11 -1 11 -1 11 -1
23 -l 2 3 -1 23 -l




Binomial Formula

Pascal Triangle

Binomial Formula

71 71 1 71
no_ o= n-1 -2 2 n—3. 3 n—kqa k n
@+ 5)" =a”+ [Ja b+(2Ja he + (?Ja e +...(Ja [ R

{HJ !
k) k- k)

Example:
4 4 4 . )
(@-20"=a’+ [Ja3(—2b)+ [2].:12(—25)2 + [?Ja (-25)° + (-2b)

= a' — 8a’b+ 24a°h% - 324 B+ B*

Exercise:
1. Find the third term in the expansion of(x + y)° . Show your work
a) 84x4y’ b) 84x2y’ c) -84x2y’ *d) 84x7y?

2. Expand the binomial (x+ 2y)*. Show your work
a) x* + 3x3y + 12x2y2 + Exy3 +16y4 b) x* - 3x3y +12;nc2y2 - 3@93 + liﬁy4

*e) x* + Bx3y + 24:::2}’2 + 323’.}#3 + 16}:4 d) none of these



